Abstract-Cellular networks are now nearly universally deployed and are under ever-growing pressure to increase the volume of data deliverable to consumers. Understanding how base stations (BSs) are spatially deployed could prominently facilitate the performance analyses of cellular networks, as well as the design of efficient networking protocols. In this letter, inspired by the clustering reality of BSs and the intrinsic heavy-tailed characteristics of human activities, we aim to re-examine the statistical pattern of BSs in cellular networks, and find the most appropriate spatial density distribution of BSs. Interestingly, by taking advantage of large amount of realistic deployment information of BSs from on-operating cellular networks, we find that the widely adopted Poisson distribution severely diverges from the practical density distribution of BSs. Instead, heavy-tailed distributions could more precisely match the practical distribution. In particular, α-stable distribution, the distribution also found in traffic pattern of broadband networks and cellular networks, is most consistent with the practical one.
I. INTRODUCTION

C
ELLULAR networks are becoming an inevitable data pipe for diverse mobile devices to access the intense content on the Internet. Understanding how base stations (BSs) are spatially deployed, could prominently facilitate the performance analyses of cellular networks, as well as the design of efficient networking protocols. For example, Poisson distribution is widely adopted to characterize the spatial distribution of BSs, and leads to a tractable approach to calculate the coverage probability and rate distribution in cellular networks, by taking advantage of a Poisson point process (PPP) based theory (i.e., stochastic geometry) [1] , [2] . However, the modeling accuracy of Poisson distribution has been recently questioned [3] . Consequently, in order to reduce the modeling error between Poisson distributed BSs and the practical distributed ones [4] , some variants of PPP have been exploited to obtain precise analysis results. On the other hand, the actual deployment of BSs in long term is highly correlated with human activities [5] , [6] . Humans tend to live together, and their social behaviors would lead to traffic hotspots [6] , thus causing BSs to be more tensely deployed in certain areas as clusters. Furthermore, according to an assumption named "preferential attachment" [7] , Barabási et al. argues that many large networks grow to be heavy-tailed. Therefore, heavy-tailed distributions appear to be more suitable to precisely characterize the clusteringly distributed BSs. In a nutshell, in spite of its apparent importance, there still does not exist convincing models for the spatial distribution of BSs in cellular networks.
Fortunately, there have already existed substantial works towards discovering the distribution of BSs in cellular networks from various practical measurements. In the earliest stages, a two-dimensional hexagonal grid model [1] was used and implied that BSs were spatially uniformly deployed, which is obviously far from the real scenarios. In next stages, Poisson distribution [1] , [2] was found to be able to roughly match the realistic BS deployment in cellular networks, while providing tractable analysis conclusions. Meanwhile, due to the everincreasing deployment of new BSs, cell sizes in on-operating cellular networks are becoming smaller and more irregular [8] . Therefore, variants of Poisson distributions (i.e., two-tier PPP [6] and Poisson clustering process [9] ) are proposed, so as to better reflect the clustering property of BSs. However, these Poisson-based distributions lack the foundation to understand the intrinsic characteristics of BSs' evolution together with the traffic dynamics motived and impacted by the human social activities.
In this letter, we aim to re-examine the statistical pattern of BSs in cellular networks, and find the most accurate spatial density distribution of BSs. By taking advantage of large amount of realistic spatial deployment information of BSs from on-operating cellular networks, we compare the practical distribution of BSs in cellular networks with various representative candidates, including Poisson distribution and some other heavy-tailed distributions (e.g., generalized Pareto distribution, log-normal distribution, Weibull distribution, and α-stable distribution [10] ). Interestingly, among the exploited distributions, α-stable distribution could most precisely fit the actual deployment of legacy BSs, which is also consistent with the traffic distribution in broadband and cellular networks [11] , [12] . In other words, the spatial distribution of BSs in cellular 1558-2558 © 2015 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. networks reflects the basic characteristics of traffic demands from users, and could partially exhibit the nature of human activities. We believe that this new finding could contribute to the understanding of the evolution of cellular networks as well as the relevant society development. The letter is organized as follows. In Section II, we firstly describe the details of the utilized practical datasets, and then present some necessary background of heavy-tailed distributions. In Section III, we provide fitting results for the spatial distribution of BSs. Finally, we conclude this paper with a summary and future research direction in Section IV.
II. BACKGROUND
A. Data Description
In order to reach credible results, we collect a massive amount of practical data of BSs information from China Mobile in a well-developed eastern province of China. The collected dataset, containing over 47 000 BSs of GSM cellular networks and serving over 40 million subscribers, encompasses all BS-related records like location information (i.e. longitude, latitude, etc.) and BS type (i.e. macrocell or microcell).
Based on the coverage area and location information, we divide the dataset into disjoint subsets. Accordingly, we can classify the dataset as subsets of urban areas and rural areas, by matching the geographical landforms with local maps. In this letter, for simplicity of representation, we primarily take account of urban areas, and try to select one most precise spatial distribution for BS deployment from various well-known candidate models. Specifically, we choose three typical cities capable of fully reflecting the BS deployment phenomena of metropolis city, big city and medium city, respectively. In Table I , we have summarized the detailed information of these selected areas. Meanwhile, we plot the BS deployment with the geographical landforms in Fig. 1 , which demonstrates that most BSs are densely clustered while some others are more sparsely deployed.
B. Mathematical Background
Heavy-tailed distributions could be widely applied to explain a number of natural phenomena, including the Internet topology [13] . Mathematically, heavy-tailed distributions are probability distributions whose tails are not exponentially bounded. In other words, they have heavier tails than the exponential distribution.
There exist many statistical distributions proving to be heavy-tailed. Among them, generalized Pareto (GP) distribution, Weibull distribution, and log-normal distribution belong to one-tailed ones with the probability density function (PDF) in closed-forms (see Table II ). Another famous heavy-tailed distribution is α-stable distribution, who manifests itself in the capability to characterize the distribution of normalized sums of a relatively large number of independent identically distributed random variables [10] . However, α-stable distribution, with few exceptions, lacks a closed-form expression of the PDF, and is generally specified by its characteristic function.
Definition 1: A random variable X is said to obey the α-stable distribution if there are parameters 0 < α ≤ 2, σ ≥ 0, −1 ≤ β ≤ 1, and μ ∈ R such that its characteristic function is of the following form:
with is given by
Here, the function E(·) represents the expectation operation with respect to a random variable. α is called the characteristic exponent and indicates the index of stability, while β is identified as the skewness parameter. α and β together determine the shape of the models. Moreover, σ and μ are called scale and shift parameters, respectively. Specifically, if α = 2, α-stable distribution reduces to Gaussian distribution.
Usually, it's challenging to prove whether a dataset follows a specific distribution, especially for α-stable distribution without a closed-form expression for its PDF. Therefore, when a dataset is said to satisfy a specific distribution, it usually means the dataset is consistent with this hypothetical distribution and its corresponding properties. In other words, the validation needs to firstly estimate the unknown parameters from a given dataset, and then check the fitting error between the real distribution of the dataset and the estimated one [14] .
III. THE STATISTICAL PATTERN OF BASE STATIONS WITH LARGE-SCALE IDENTIFICATION
In this section, we present the fitting results to the real data. [15] shows that 10% of BSs experience roughly about 50-60% of the aggregate traffic load, which implies that the spatial traffic dynamics in cellular networks exhibit heavy-tailed pattern with densely clustering characteristic. Accordingly, in order to fulfill this nonuniform traffic demand, BSs in urban cities tend to be deployed in clusters as well. Intuitively, the BS spatial density distribution would be heavy-tailed just like the spatial traffic dynamics. Therefore, in order to characterize this realistic phenomenon, besides the traditional Poisson distribution, we choose several popular heavy-tailed candidates in Table II. Afterwards, based on the large amount of BS location data, we sample one certain city randomly with a fixed sample area size. Then, we compute the spatial density for different 10 000 sample areas and obtain the empirical density distribution, by counting and sorting the number of BSs in each sample area. Next, we estimated the unknown parameters in candidate distributions (except α-stable distribution) using maximum likelihood estimation (MLE) methodology. For α-stable distribution, we estimate the relevant parameters using quantile methods [16] , correspondingly build the model to generate the corresponding random variable, and finally compare its induced PDF with the exact (empirical) one.
In the first place, we refer to City B as an example, and compute the PDF of BS density under the sample area size 4 × 4 km 2 . After fitting the corresponding PDF to distributions (and giving the estimated parameters) in Table II , we provide the comparison between the empirical BS density distribution with candidate ones in Figs. 2 and 3(b) . As depicted in Fig. 3(b) , the statistical pattern of BSs obviously exhibits heavy-tailed characteristics. Besides, among all candidate distributions, α-stable distribution most precisely match the empirical PDF. On the other hand, we provide the numerical comparison in Table III , in terms of root mean square error (RMSE). Indeed, the RMSE results in Table III show α-stable distribution has the minimum RMSE value (0.0279) while Poisson distribution has the maximum one (0.2537), and once again strengthen this aforementioned conclusion.
Meanwhile, for verifying the general accuracy of candidate distributions, we change the sample area sizes to 3 × 3 and 5 × 5 km 2 respectively, and plot the related results in Fig. 3(a)  and (c) . Obviously, compared with other candidate distributions, α-stable distribution still provides the most accurate fitting results for the BS density distribution in City B. In order to examine the geographical impact on the fitting results, we further analyze the density distribution of BSs in City A and City C using a sample area size of 4 × 4 km 2 . Due to the factor of geographical irregularity, there is a noticeable gap between the α-stable distribution and the empirical PDF of City A and C in comparison with City B. Nevertheless, as shown in Table III and Fig. 4 , it can be observed that, α-stable distribution could match the practical one in both cities, with RMSE values equaling 0.0177 and 0.0451 respectively and being less than those of other candidate distributions. Moreover, the same conclusions concerned with sample area sizes of 3 × 3 and 5 × 5 km 2 , could be also testified in Table III . Based on the extensive analyses above, we could confidently reach the following remark.
Remark: The spatial pattern of deployed BSs exhibits strong heavy-tailed characteristics. Based on the large-scale identification, α-stable distribution manifests itself as the most precise one. On the contrary, the popular Poisson distribution is an inappropriate model for the BS density distribution, in terms of the root mean square error.
IV. CONCLUSIONS AND FUTURE WORKS
In this letter, based on the practical BS deployment information of one on-operating cellular networks, we carried out a thorough investigation over the statistical pattern of BS density. Our study showed that the distribution of BS density exhibits strong heavy-tailed characteristics. Furthermore, we found that the widely adopted Poisson distribution severely diverges from the realistic distribution. Instead, α-stable distribution, the distribution also found in the traffic dynamics of broadband networks and cellular networks, most precisely match the practical one. Moreover, our study could contribute to the understanding of evolution trend of BS deployment, as well as the impact of human social activities in long term.
Currently, the lack of closed-form for α-stable distribution makes it difficult to reach tractable solutions and might hinder its applications in networking performance (e.g., coverage, rate, etc.) analyses. Therefore, we are dedicated to handle the related meaningful yet more challenging issues over applications of α-stable distribution in the future.
